Financial markets, and particularly stock markets, have become an essential factor in understanding the behavior of the real economies. The analysis of how the stock markets have responded to the recent financial and economic crisis is crucial to understanding the economy's behavior. However, its analysis is not an easy task due, among many other reasons, to the high number of implicated variables. Usually, different graphical techniques are applied to analyze the evolution of the stock markets and to forecast the expected trend of the quoted stock prices. This paper proposes a new graphical methodology to analyze stock market behavior: the Sheaf of Straight Lines Methodology (SoSLM). The main advantage of this methodology is that it helps to compare time paths of a set of time series for a given time period. This makes it possible to better understand the evolution of one of them with respect to the others, in relation to the formed sheaf of straight lines. Simultaneously, it eliminates the difficulties arising when a high number of time series are compared through the joined graphical representation, either in a unique chart or in separated ones. So, it is particularly suitable for application to financial markets. This paper applies the SoSLM to the 35 constituents of the Spanish IBEX 35 index from June to September of 2013. The Spanish stock market has been hit hard by the recent financial crisis, although it has shown signs of recovery since June 2013; so, it presents an interesting case for analysis.
Line Charts are the standard way of representing historical data; a simple look at the chart can help to detect patterns in the temporal path of the analyzed variable. However, when the objective is to compare the time paths of a set of variables, different problems arise, not only when they are represented in a unique chart (scale differences among others) but also if multiple charts are drawn; even if the number of variables is not significantly large.
Although nowadays computer technology offers excellent tools to facilitate the representation of space-time data (see Andrienko et al., 2003 , for a detailed analysis), there are few studies related to the representation of massive time series (see Lin et al., 2005) . The graphical methodology of the Sheaf of Straight Lines (SoSLM from now on) proposed in this paper can be understood as a way to simplify the comparison of the time series by providing a set of 'summary' time series. These make it easier to perform comparisons among them. The main advantage of this methodology is that it helps to compare time paths of a set of time series for a given time period, making it possible to better understand the evolution of the variables included in such a set. At the same time, the proposed methodology eliminates the above mentioned difficulties when comparing a high number of time series through the joined graphical representation, either in a unique chart or in separate ones.
The mentioned difficulties are also present in the case of the analysis of stock market data. Since the SoSLM methodology facilitates the comparison among a high number of variables, it becomes especially useful in the case of the study of stock markets, where a high number of stocks prices are usually implicated when the market performance needs to be analyzed. So, centered on the current importance of stock markets and with the objective of making understanding the evolution of stock prices easier, this paper will illustrate the SoSLM. We will apply it to the observed evolution of the IBEX 35 Spanish stock market index during the summer of 2013; specifically, we will apply the SoSLM to the 35 firms including in the IBEX 35 index from June to September of 2013. The Spanish economy has been one of the more deeply affected European economies during the recent financial and economic crisis. The Spanish bank sector, essential in the IBEX35 index as we will see later, has been especially affected. However, the Spanish stock market seems to have reversed the trend from June of 2013 onward. So, our sample period starts at June of 2013 and ends at September, when this paper was written.
As is well known, the IBEX 35 is the reference index for the Spanish stock market. It is composed of the 35 securities listed on the Stock Exchange Interconnection System of
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the sheaf of straight lines methodology. an application to the spanish stock market. Ferrán Aranaz, M. and Márquez de la Cruz, E. aestimatio, the ieb international journal of finance, 2014. 9: the four Spanish Stock Exchanges, which were most liquid during the control period. The weight of each stock inside the index is in relation to its market capitalization. 1 Table   1 shows the constituents of the index for our sample period.
l The analysis of the weights of the different stocks on the index is quite interesting; the most important stock is Santander, weighing above 17%; the second is Telefonica with a weight of 13.57%. Adding the weights of these two firms to the third and fourth highest weighted stocks, BBVA and Inditex, respectively, we observe that these four values represent in excess of 53% of the IBEX 35 (see BME, 2013).
As previously mentioned, the Spanish stock market, as many others, has been hit by the recent financial and economic crisis. In fact, on the 1st of October of 2008, the IBEX 35 value was above 11100 points, decreasing dramatically below 6000 on the 24th of July of 2012. This coincided with worst moments of the Spanish sovereign debt crisis, with the risk premium of the Spanish government ten year bonds reaching historical records. However, 2013 seems to be the year in which the Spanish stock market started to recover the path of growth, mainly from mid-year on. Figure 1 shows the daily evolution of the IBEX 35 from the beginning of 2013 until the end of September. It can be observed that the index trend was unclear until the end of June; specifically, the index value reached the 2013 minimum value at 7553.20 on the 21st of June, before beginning to rise through until the end of the sample period. Figure 1 also shows the evolution of some of the most representative international financial market s indexes: CAC40, FTSE, DAX, NIKKEI300 and S&P500. Although, as mentioned above, it is difficult to make comparisons using a line chart because of scale differences, an increasing trend can be observed in all of them through 2013; however, the Spanish stock market seems to have had a more challenging path in attaining the positive trend shown by the other stock markets considered, perhaps due to the above mentioned government risk premium crisis.
n Figure 1 . IBEX 35, FTSE, CAC40, DAX, NIKKEI300 and S&P500,
January-September 2013
Differently from the usually financial newspapers graphs showing the paths of the different stocks included in a market index, and focusing on the Spanish stock market, the SoSLM we propose will allow us to study the representative evolution identified through the paths followed by the 35 stocks included in the index. Within this methodology, the position of each of the stocks in relation to the sheaf of straight lines makes it possible to better understand the situation of one of them with respect to the others, and with respect to the whole market. This is an essential advantage of the SoSML methodology when compared with other graphical representations of the evolution of financial markets.
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A E S T I M A T I O the sheaf of straight lines methodology. an application to the spanish stock market. To accomplish the described objective, the paper is organized as follow: Section 2 analyzes the main advantages of the sheaf of straight lines and describes other graphical methodologies usually applied to the understanding of stock market behavior, remarking on the differences among them. Section 3 describes the essentials of SoSLM and Section 4 applies the methodology to the analysis of the Spanish stock market. Section 5 comments on our main findings.
n 2. Stock markets graphical analysis
To explain the value of a firm on the stock market and to forecast its possible future value, it is usual to distinguish two different approaches: the technical and the fundamental analysis 2 . Whereas the fundamental analysis focuses on the so called intrinsic value of the stock, the technical approach takes advantage of statistics calculated from the stock markets in order to identify trends and models that can help to anticipate the stock s future evolution 3 .
To carry out a fundamental analysis, a study from the general economy and sector situation to the financial and management firm conditions is required. However, the technical analysis is fundamentally based on the graphical analysis of the firm's past prices, together with the study of different statistics on prices and trading volumes calculated from the market data date; with the objective of forecasting the most likely evolution of the stock in the future 4 .
Given that the SoSLM is essentially based on the graphical analysis, it is clear that it could be related to the technical approach. However, as we shall see later, both the main purpose and the applied procedures are completely different.
Let us see an example of how the SoSLM can help to better understand the evolution of the stock markets, its main purpose. Consider the case of the following stocks: Actividades de Construcción y Servicios (ACS), Banco Popular Español (POP), Bankinter (BKT) and Enagás (ENG). Figure 2 shows the evolution of the prices of the four companies during the sample period. It seems to be that ACS, POP and BKT have followed a similar increasing path, the evolution of POP and BKT being quite similar. However, ENG seems to follow just the opposite path, clearly decreasing.
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Since the data scales differ, a unique figure for the four stocks could help to facilitate the comparative analysis of the price s evolution. What is more, to avoid the difficulties related to the scale, in the case of stock markets data date, it is usual to considerer price rates of growth instead of price levels
5
. Figure 3 shows these ideas for the cases of ACS and POP. The Figure on the top left shows the evolution of both companies although now they are represented in the same chart. This makes the differences in the prices levels clear. The Figure of the top right again shows prices levels but now considering different scales in the vertical axes. Now, it seems that both companies have moved together during the sample period. The Figure on the bottom left shows the prices growth rates taking the first date in the sample as the reference price. So, it can be seen that POP has experienced a higher increase than ACS, close to 80 per cent. A result of the higher daily price increases that are shown by the bottom right Figure: it can be seen that, exceptions apart, the daily rates of return of ACS and POP show the same positive sign; since the values of POP are more extreme, it has experienced a higher increase. To end the illustration, Figure 4 shows the SoSLM results for the selected sample (it will be explained later; the only objective now is to illustrate the usefulness of the proposed methodology). The bold line is the evolution of the considered company in each case, whereas the thinner lines show the sheaf of straight lines. Note that it is easy to see that the evolution of each of the considered companies is consistent with the evolution of the four as a whole; additionally, the four considered firms can be ordered as a function of its similarity to the others; so, ENG will be the first one followed by ACS, BKT and, finally, POP. So, the proposed methodology can be useful to avoid the difficulties related to differences in levels or scales when comparing a high number of time series data.
n Figure 4 . Enagas, Acerinox, Bankinter and Banco Popular Español, summer
2013, over the SoSLM solution
To summarize, the SoSLM is a graphical method for studying the relationships among time series of different variables; the methodology is particularly useful when the number of variables to be compared is high. The main purpose of the methodology, different to the technical analysis, is not to forecast the evolution of certain stock prices, but to better understand the behavior of one of the variables when compared with others because they are joined in the configured sheaf of straight lines. To be able to consider information from a properly carried out graphical analysis could be very useful for researchers working out theoretical models to explain economic facts.
n 3. The sheaf methodology
The SoSLM (Ferrán, 2011a (Ferrán, , 2011b (Ferrán, and 2013 ) is a statistical tool that calculates, under the assumption that the underlying structure of the analyzed time series set is a sheaf of straight lines, a set of 'summary' time series that makes it possible to simplify the comparison of their temporal paths. Thus, the basic result of the methodology is a line chart for each time series in which, in order to better understand its evolution in terms of the evolution shown by others, the corresponding temporal path will be represented over a 'summary' time series set.
Before we discuss the methodology and its associated theoretical results, we will introduce the next concept: Let {y t , j }, j = 1, …, J ; t =1, …,T be a set of J different time series verifying the following three assumptions:
l All of them show the same mean,
y t, j =a ∀j .
(1)
l Each of the J time series, y t , j , is related to another time series, say x t , by the linear expression:
l There exists two coefficients, B 0 and B 1 , such that
Then, it can be shown that (see Appendix for proofs):
Remark 1: The Euclidean distance between two any time series y t , j and y t , j' depends on the distance between their respective coefficients m j and m j' ; so, it can be used to set a ranking of the J time series. Analysis on the matrix of distances between them is carried out, the graphical solution in the space of the first two components, will show the so called Guttman effect 6 .
Remark 2: For any pair of time series of the {y t , j } set, there exists at least one intersection point among their trajectories. What is more, the intersection points of any two trajectories are the intersection points of all of them.
Remark 3: If more than one intersection point exits, then the difference between any two intersection points is independent from the time series scale. The data has been uploaded from the BME (Bolsas y Mercados Españoles) website. We apply the proposed methodology to the log of the stocks prices, {Y t , j =lnP t , j }. We will consider the IBEX 35 index as the reference time series. To be specific, if P t,iBex 35 , t=1,…,66, is the index value for each of the 66 trading days, the reference time series will be x t =lnP t,iBex 35 , t=1,…,66 .
76
In the extraction process of the 'summary' time series set we will proceed as follows (see Figure 5 and Table 2 ):
Step 1: We homogenize the scale of the {Y t, j } set. To do so, we consider:
being a j = -Y j and a the chosen common scale (Table 2) . If, for example, we take a equal to the average of the referenced time series, a = 1 -
x t , then the average of the J time series in {Z t , j } set is equal to that of x t ( -Z j =a, ∀j).
Step 2: We calculate the thirty five coefficient vectors (A 0,j , A 1,j , A 2,j ), j =1,…,35 , by estimating the regression equation: Step 3: We calculate the coefficients B 0 and B 1 by estimating the regression equation:
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at the thirty five points (A 1,j , A 0,j ), j=1,…,35.
Step 4: Within the range of variation of the A 1, j values, j =1,…, J, we choose m k representative values, k =1,…,K. For example:
with θ =(max j A 1,j -min j A 1,j )/(K-1) and m 1 = min j A 1,j .
Step 5: We calculate the coefficient
Step 6: We calculate the time series
where
Therefore, the 'summary' time series set, {C t,k }, verifies conditions (1), (2) and (3) with respect to x t ; what is more, the time series in {C t , k } and {Z t , j } present the same scale.
Interpreting the solution
According to the expression of the time series in {C t,k } set (see (4) and Figure 4 ), their fluctuations become more intensive when we move from the first to the fifth 'summary' straight lines. This ordering responds to the relationship with respect to the time series x t , namely, the time series set {DC t , k } has a sheaf of straight lines structure with regard to Dx t (see Remark 4):
Thus, the ordering of the times series in {C t,k } set is given by the ordering of the time series in {DC t, k } set which, in turn, is given by the corresponding coefficients m k (see Remark 1). Additionally, and as a result of Remark 5, the different cutoff points of the time series set {exp DC t, k } take the value e B 0 ( Figure 6 , top left). On the other hand, as a result of Remark 2, the only intersection point (by the end of July) between any two time series of the {expC t, k } set is also an intersection point for all of them ( Figure  6 , top right). This cutoff point describes two clearly different sub-periods in the sample: in the first one, the fifth curve takes the lowest values, followed by the fourth one, the third one, and so on until the first one, which takes the highest value; the situation is just the opposite in the second sub-period which starts at the cutoff point: in this case is the first curve which takes the lowest values, followed by the second one, the third one, and so on until the fifth curve which takes the highest value. 
Understanding one of the trajectories
Taking into account that, firstly, the time series in the {expC t , k } set summarize the thirty-five trajectories of the IBEX 35 constituents and, secondly, the trajectory of IBEX 35 is very close to the first one ( Figure 6 , top right), it is possible to conclude that, in relative terms (compared with its constituents), the values of the IBEX 35 in the second sub-period were not much higher than its values during the first one. But, why is that? The reason behind this result is that, in relative terms, the IBEX 35 daily returns were not as high as the returns of some of its constituents; specifically, compared to POP, they were clearly lower ( Figure 6 , bottom left): it can be seen that, exceptions apart, the daily rates of return of IBEX 35 and POP show the same positive sign; since the values of POP are more extreme, it has experienced a higher increase.
In order to better understand the meaning of the price trajectory of one particular IBEX 35 constituent, P t, j = expY t, j , compared with the other ones, we use a graphical representation of the set {expC j t, k }, where Let us see an example. Figure 6 (bottom right) shows the POP price trajectory, plotted on the corresponding set of time series {expC j t,k }. It can be seen that, in this case, the variable shows a higher similarity with respect to the fifth curve of the set; in other words, in relative terms (compared to the IBEX 35 and its constituents) we can say that, during the summer of 2013, assuming that the stock market fluctuations respond to a 'sequence of events', the POP responses have been characterized by a high degree of sensitivity to those, which has resulted in a sharp share's price increase.
Although the graphical representation of each stock over the 'summary' time series set simplifies the description of the price evolution compared with the other ones, in order to identify similarities and differences among them, comparing the thirty-five
the sheaf of straight lines methodology. an application to the spanish stock market. Ferrán Aranaz, M. and Márquez de la Cruz, E.
aestimatio, the ieb international journal of finance, 2014. 9: 68-89 graphical representations would be necessary; to do so, it would be highly desirable that the charts ordering could also contribute to a better understanding. Let us now see how to apply the theoretical basis underlying the process of extraction of the 'summary' time series set to simplify the comparison.
Comparing historical time series in the Spanish stock market
To establish an ordering of the companies for the sequence of line charts in Figure 7 , we will apply a Principal Component Analysis over the matrix of the squared Euclidean distances between each pair of time series of the {Z t,j } set 7
. In the corresponding solution for the first two components 8 (Figure 8 ) it can be seen that the quality of the graphical representation for the different firms is, globally considered, very high 9 and so is the interpretation of their relative positions. Consequently, the ordering of them is established by the parabolic imaginary line that goes through from ENG to FCC. ; this is also the case for the IBEX 35 index and for curves c1 and c2. The reason behind this result is that the firms ENG, TRE, REE, AMS, GAS, OHL, ABE and EBRO are very well explained by the first 'summary' time series (Figure 7 ), while the companies MAP, FER, VIS, GRF, IBE, ITX, TL5, DIA, REP, TEF, ELE, IDR, ACX, ACS, SAN and the IBEX 35 index are properly explained by the second one. In other words, the second group of companies has responded in a more intensive way to the 'sequence of events' that took place during the sample period, resulting in a higher increase in their stock prices. In any case, the response to the events of this second group is lower than the corresponding response of the third group in which MTS, BME, IAG, BBVA and CABK are included (represented close to c3 in the parabolic arc). In turns, it will be lower than that of the group made up of JAZ, SYV, BKT and SAB, which will be lower than the response of the fifth and last group of firms, made up of POP and FCC. However, if we analyze the IBEX35 firms included in each of the five groups above mentioned in greater detail, we can conclude that the observed IBEX 35 change during the 2013 summer can be explained mainly by the improved performance by the "Financial Services and Real Estate" sectors, and the "Banks and Savings" subsector. In fact, the most important banks are included in groups 3 to 5. This result makes sense since it could reflect that markets have considered that the Spanish financial sector reform program is already giving the expected results. Specifically, the applied methodology makes it possible to establish an ordering from companies whose responses to the Spanish stock market have been weak to those whose responses have been more intense. We conclude that the observed IBEX 35 recovery process during the past summer of 2013 can be explained mainly by the "Financial Services and Real Estate" sectors, and the "Banks and Savings" subsector. This result is not unexpected since, as is well-known, the Spanish financial sector has been subject to an intensive reform program which seems to have been seen as appropriate by the market.
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